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Abstract 

Analysis of the stability of feedback loops has always been a subject 
that was shrouded in mystery and confusion. Recent efforts to clear 
away some of these problems have helped, but even with computer-aided 
design, a certain amount of trial-and-error remained. This paper 
presents a new mathematical concept that is simple but powerful. The 
techniques described allow synthesis of a feedback amplifier with a 
few algebraic equations to obtain any desired crossover frequency and 
phase margin (within reason) on the first try. 

1. INTRODUCTION

Stability analysis of feedback loops has 

historically required a certain amount of 

trial-and-error. Computer modeling and 

c omput er-aided design allowed one t o  

evaluate results o f  a particular design 

with relative ease, but it was still 

difficult to start with a desired result 

and then determine the exact circuit 

values required to o btain that result. 

This paper presents three standardized 

feedback amplifiers which cover the 

requirements for every known loop. These 

am plifie rs, t o g ether w i t h  a n ew 

mathematical concept called the K Factor, 

allow the circuit designer to choose a 

loop consists of a power-processing block 

called a M OD ULA TOR in s eries with an 

error-detecting block called an AMPLIFIER. 

desired result, i.e., a particular loop 

cross-over frequency and phase margin, and 

then determine the necessary component 

values to achieve these results from a few 

straight-forward algebraic equations. 

2, THE NATURE OF LOOPS 

A typical loop is shown in Figure 1. The 
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FIGURE 1 CLOSED LOOP CIRCUIT 
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The modulator can be as simple as the buck 

regulator shown, or it could have been a 

c omplex hydrauli c servo system or an 

aircraft attitude control system. No 

matter how complicated the modulator, the 
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forms: 

derived. 

either buck-derived or boost-

4.1 BUCK-DERIVED MODULATORS 

Figure 3 shows a typical transfer function 

of a b u c k - de r i v e d  m o d u l a t o r. A n  
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FIGURE 3 TRANSFER FUNCTION 
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electrical transfer function of a circuit 

is the output voltage divided by the input 

voltage, with both the magnitude and phase 

angle of this ratio plotted as a function 

of frequency. In buck-derived switching 

regulators with L-C filters, the transfer 

function usually has some fixed value, A,,,

at low frequency, associated with minimal 

phase shift. At the resonance of the L-C 

filter, the transfer function breaks to a 

-2 slope {a -1 slope falls 20 dB/decade, a

-2 slope falls 40 dB/ decade, etc.). A -2

slope is associated with -180 degrees of 

phase shift. At some frequency (usually, 

but not always, higher than the frequency 

of the L-C corner) the internal resistance 

of the fi lter capacitor (ESR) becomes 

higher than the capacitive reactance, and 

the slope of the transfer function curve 

changes to -1 as the filter changes from 

an L-C filter to an L-R filter. The phase 

shift associated with a -1 slope is -90 

deg rees, p r o v i d e d  th e r e s p o n s e  i s  

determined by real components. 

3 

4.2 BOOST-DERIVED MODULATORS 

Figure 4 shows the transfer function of a 

boost-derived modulator. The gain portion 
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FIGURE 4 TRANSFER FUNC'l'ION 
OF BOOST MODULATOR 

of a boost-derived modulator looks very 

much like the gain portion of a buck­

derived modulator. There are some major 

differences in the gain portion, however, 

and the phase portion is obviously 

different. Most boost-derived modulators 

also have a region of fixed gain at low 

frequency, again associated with a minimal 

phase shift , however the value of gain in 

this region is usually a non-linear 

function of operating point. There is a 

point in frequency where the transfer 

function breaks to a -2 slope, as in the 

buck-derived case, but this frequency is 

also a function of operating_ point because 

the effective value of inductance changes 

w i t h  d u t y  cyc le. The phase s h i f t  

associated with the - 2  slope region is the 

same in either case, -180 degrees. The 

major problem in boost-derived modulators 

is caused by a right-half plane zero, a 

mathematical entity that nevertheless 

causes real problems. The frequency at 

which the right-half plane zero occurs is 

related to the effective value of the 

filter inductance and the load resistance, 
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FIGURE Sb TYPE 1 AMPLIFIER 
TRANSFER FUNCTION 

5.3 TYPE 2 AMPLIFIER 

Figure 6 shows a Type 2 amplifier and its 

transfer function. The Type 2 amplifier 

also has a pole at the origin, but has a 

zero-pole pair in addition. This zero­

pole pair causes a region of zero gain 

slope and a corresponding phase "bump", or 

region of reduced phase shift. Whereas 

the phase shift is -270 degrees throughout 

the -1 slope regions of the amplifier 

t ransfer function, in the zero slope 

region the phase shift tends toward -180 

degrees. The amount of phase shift 

reduction {size of the "bump"} is related 

5 

Rl 
IN 

':' 

FIGURE 6a 

Vref 

C2 

R2 Cl 

TYPE 2 AMPLIFIER 
SCHEMATIC DIAGR�.M 

OUT 

GAIN 
(dB) 

PHASE 
(deg)_ 

0 

0 0 

-90

-180 

-270 

FIGURE 6b TYPE 2 AMPLIFIER 
TRANSFER FUNCTION 

to tl)e width of the zero slope region, and 

has a maximum value of 90 degrees. The 

frequency at which the zero occurs is 

approximately that where R2 takes out Cl, 

that is, where the reactance of Cl is 

equal in magnitude to the resistance of 

R2. The frequency at which the pole 

occurs is approximately that where C2 

takes out R2, that is, where the reactance 

of C2 is equal in magnitude to the 

resistance of R2. Type 2 amplifiers are 

used to compensate loops where the phase 

s hift of the modulator port ion is 

approximately -90 degrees. The transfer 

function of the amplifier is designed so 
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6.3 f/K AS A FIGURE OF MERIT 

To improve overall loop perf9rmance,. one's 

first thought is to increase the loop 

cross-over frequency • .  !f this increase 

happens to coincide wjth a frequency range 

where the mod u lato r  phas e· lag is 

increasing rapidly, K may have to be 

increased fast·er than f to maintain the 

same phase margin, in which case the low 

frequency gain will actually suffer from 

the increased cross-over frequency. The 

expression f/K can therefore be thought of 

as a Figure of Merit for a particular 

amount of phase margin. 

7. DERIVATION OF THE K FACTOR

The Type 1 amplifier always has a K of 1, 

so deriving the K factor for it is not a 

problem. Also, the mathematics for 

determining the amount of boost from given 

locations of amplifier zeros and poles is 

well understood. The problem that had not 

been solved was to derive equations that 

expressed the location of the zeros and 

poles as a function of phase boost. 

7.1 DERIVATION OF K FOR TYPE 2 AMPLIFIERS 

The expression for the amount of phase 

boost from a zero-pole pair is well known 

and has been presented before. The phase 

shift due to a zero or pole is given by 

the inverse tangent of ratio of the 

measurement frequency to the frequency at 

which the zero or pole is located. The 

principle of superposition applies, that 

is, the total amount of phase shift can be 

determined by summing the individual phase 

shifts of each zero and pole taken 

individually. The boost at frequency f 

from a zero at frequency f/K and a pole at 

frequency Kf is given by the equation 

( 1) 

8 

From the trigonometric identity 

the amount of boost can be determined by 

substituting (2) in (1): 

Boost = Tan-1(K) + Tan-1(K) - 90

2 Tan-1 (K) - 90

From equation (3), 

Tan-1(K) =(Boost + 90)/2

(Boost/2) + 45 

Therefore: 

K = Tan[(Boost/2)+45] 

( 3) 

(4) 

( 5) 

Equation (5) is the equation that relates 

the K factor to the amount of phase boost 

requi�ed from Type 2 amplifiers to achieve 

the desired phase margin. From this, the 

exact location of the zeros and poles is 

established, and the loop cross-over 

frequency and phase mar g i n  may be 

calculated without trial-and-error. 

7.2 DERIVATION OF K FOR TYPE 3 AMPLIFIERS 

Type 3 amplifiers have a double zero at a 

frequency f divided by the square root of 

K and a double pole at a frequency f times 

the square root of K. The phase boost 

from a single zero-pole pair at these 

frequencies is given by the equation: 

Boost (6) 

For 2 zero-pole pair, where the zeros are 

coincident and the poles are coincident, 

there is twice the boost that results from 

only l zero-pole pair, therefore the boost 

that results from a Type 3 amplifier is: 

Boost = 2[Tan-11i< - Tan-1(1//K)J (7)
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Incorporating the trigonometric identity 

given in (2) into (7), 

Boost 2(Tan-11K + Tan-1/K - 90)

2[2(Tan-1/K) - 90]

4(Tan-1/K) - 180 (8) 

Equation (8) can now be rearranged to 

solve for K: 

Tan -l/K (Boost + 180)/4 

(Boost/4) + 45 

1K Tan((Boost/4) + 45] 

2K = {Tan[(Boost/4) + 45]} 

(9) 

(10) 

( 11) 

Equation (11) is the final equation 

expressing the K factor as a function of 

de sired p h a se boost f o r  a Type 3 

·amplifier. The location of the double

zero and double pole is then established.

8. USING THE K FACTOR

8.1 PRELIMINARY STEPS 

When using the K factor to synthesize an 

amplifier to stabilize a feedback loop, 

certain preliminary steps apply regardless 

of the type of amplifier chosen. These 

steps are as follows: 

8.1.l Make Bode Plots of the Modulator 

This can be d o n e  b y  analysis or 

measurement, but preferably by measurement 

since it is difficult by analysis alone to 

include all the parasitic effects. 

Instruments to perform this measurement 

are called Frequency Response Analyzers. 

A number of companies manufacture this 

type o f  equipment. Fo r s witching 

regulators and similar applications where 

t h e r e  i s  a significant amount o f  

electrical noise present along with the 

9 

signal, Fourier Integral Analysis machines 

are far superior to Fast Fourier Transform 

machines. Venable Industries offers 

several different complete Frequency 

Response Analysis Systems, all based on 

Fourier Integral Analysis machines. 

8.1.2 Choose a Cross-over Frequency 

The second step in the process is to 

choose the frequency at which you would 

like the overall loop gain to be unity. 

This is f, the cross-over frequency. This 

is normally chosen to be as high as 

possible, since higher cross-o ver 

frequency normally means faster transient 

response, and "as high as possible" means 

where the modulator phase shift is still 

less than 180 degrees. If the circuit has 

to be built in volume, where there may be 

significant differences in component 

values from unit to unit, or if it will be 

subjected to wide extremes of line, load, 

and temperature, it is best not to push 

the loop to extremes. 

8.1.3 Choose the Desired Phase Margin 

Pick the amount of phase margin you would 

like to have at unity gain. A phase 

margin of 90 degrees 

stable as a rock. 

means your system is 

Phase margin of 60 

degrees is a good compromise bet ween 

fast transient response and stability. 

Phase margins of 30 degrees or less cause 

the system to have substantial ringing 

when subjected to transients, and little 

tolerance for component or environmental 

variations. 

8.1.4 Determine Required Amplifier Gain 

The four th step is to determine the 

required amplifier gain at cross-over. 

The amplifier gain at cross-over must 

equal the modulator loss, therefore the 

amplifier gain = 1/modulator gain. If the 
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